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Abstract. We constructnew abeiancategoriesby gluingpeiversesheavesusing
Fourier Transformations. Thesenewcategoriesarerelatedto representationtheory
andconjecturallyleadto newcohomologicalrealizationsofrepresentationsofreduc-
tivegroupsoverfinite fields.

Résumé. On construitdenouvellescategoriesabéliennesparrecollementdefais-
ce,auxpervers~ 1‘aide detransformationsdeFourier. Cesnouvellescategoriessont
reliéesa Ia thdoriedesrepresentationsetfournissentconjecturaiementdenouvelles
rdalisationscohomologiquesdesrepresentationsdesgroupesrdductils surlescorps
finis.

INTRODUCTION

Let S be a schemeof finite type overanalgebraicallyclosedfield and let (S~),~1
bea Zariski opencoveringof S; wedenoteby
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: S1 fl Si c._~ 5. (i, / e I)

the inclusions.
Thedatumof an(~-adic) perversesheafA on S is equivalentto thedataofperverse

sheavesA1 on S~(i e I) andisomorphisms

v~A~Zv,~A1(i,JEI)

satisfyingtheusualcocyclecondition.
This canbereformulatedin thefollowing way. Thefunctor on perversesheaves

hastwo adjointfunctors,oneon theleft andoneon theright ~ andwegetby

compositiontwo functors

= ‘~‘fi!
1/if

and

=

from thecategoryof perversesheaveson S
1 tothecategoryof perversesheaveson S~.

Wehaveobviousmorphismsof functors

(i, .1, k E I) , satisfyingtheobviousassociativityconditionanda morphismof functors

‘

inducedby thecanonicalmap

pIiii~,.

Moreover,~ is left adjointto and the adjunctionexchanges~ and

~Cjjk,~, ~can1~ and Pca~. Thenthe categoryof perversesheaveson S is equivalent
to thecategoryA of families

(A2,aJ$)IJEJ,
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where A2 is aperversesheafon S1 and

—+ A,

is a mapof perversesheaveson 5, , suchthat thefollowing axiomsare satisfied:

1) for each i,/, k E I, the following diagramof mapsof perversesheaveson

~ ~ ~ A~

Pak)!(n,2) ‘\

T’~kj,!A,

is commutative,

2)foreachi,j E I,ifwedenoteby

A, —+

themapdeducedby adjunctionfrom ~ , thefollowingdiagramof perversesheaveson

Si

~ A
1

a,

1’car~
1(A1) A,

/ $~

is commutative.
Now, if we havea family (S~)~~1of schemesof finite type overan algebraically

closedfield, functors

1! ‘

from thecategoryof perversesheaveson S1 to thecategoryof perversesheaveson 5,

(i,/ e I) andmorphismsof functors

~ 0kf,?0f~,.

and

~can~~: ~fi,!
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havingthesameformalpropertiesthanthe functorsandmorphismsof functorsdefined

before,thecategoryA makessenseandis easilyseento beabelian.
The first purposeof thispaperis to give two interestingexamplesof sucha category

A. In the first example, I = {l , 2 }, S~and ~2 are Zariski opensubsetsof a fi~
nite dimensionalsymplectick-vector space V andtheoperatorsP0-u and are
built usingtheFourier-Delignetransformationfrom thecategoryof perversesheaveson

V to itself. In the secondexample I = W is theWeyl group of a simply connected,
connected,semi-simplegroup over k endowedwith a maximal torus T and a Borel
subgroupB conuiining T, S~= C/U foreach i e I , where U istheunipotentradi-

calof B andthe operators~ areagainbuilt usingFourier-Delignetransformations.
Now, let S be a schemeof finite type over a finite field Fq and let a be an auto-

morphismof finite orderof S. We canconsiderthe abeliancategoryof pairs (A,ço)

where A is a perversesheafon S®F F~and

~: o”FrobA-Z A

is anisomorphismof perversesheaveson
5®F Fq. Let K betheGrothendieckgroup

of this abeliancategory.Wehavea symmetricpairing

K x K —~

definedin thefollowing way. If (A
1,~~)and (A2,~2) arein theabovecategory,~

and ~2 induceanautomorphism~‘ of theYonedahigherextensiongroup

Ext’(A1,DA2) (iEZ)

for the abeliancategoryof perversesheaveson S ®~Fq~where D is the duality
functor;thankstoBeilinson,theseYonedahigherextensiongroupsarefinite dimensional
~1-vector spacesandthepairing maps ((A1, , (A2,c°2))to

jEZ

Thispairingishighly degeneratebutwecanconsiderthequotientof K by its kernel.
It follows from Grothendiecktraceformulathat this quotientcanbeidentifiedwith the

spaceof functionswith valuesin ~ on the finite set

{s e S(~q)lFrobq(a(s))= s}.

In particular,this quotientis a finite dimensionalQ~-vectorspace.
Thesecondpurposeof thispaperis to generalize,at leastconjecturally,thepreceding

discussionwhenwe replacetheabeliancategoryof perversesheaveson S ®~F~by
oneof theabeliancategorieswe havejust constructedand a by a moregeneraloperator

on sucha category.In this way, weexpectto obtainnew realizationsof discreteseries
representationsfor reductivegroupsoverfinite fields.
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1. THE BASIC GLUING CONSTRUCTION

(1.0) Let k be a field of characteristicp > 0 which is eitherfinite or algebraically

closed,let ~ be a prime numbernotequalto p andlet Q~be an algebraicclosureof
Q~.

Then for any schemeS of finite type over k, we have the derivedcategoryof

Q~-sheavesD~(S,Q1)([De](l.l)) with its autodualt-structure ([B-B-D] (4.0)); in
particular,wehavetheabeliancategory Perv(5,Q~)of perversesheaveson S and

thecohomologicalfunctor ~1~1°: D~(5,Q~)—~ Perv(5,Q1) . Wewill usefreely this
formalism.

(1.1) Wewill fix a nontrivialadditivecharacter

—~

that isa p-th root of unity in Q<.
Then,on theadditive group GaF over F~,wehavea smoothrankone Q1-sheaf

L~,canonicallyattachedto ~ , theso-calledArtin-Schreiersheaf([SGA 4 ~- ] [Sommes

trig.] (1.7)) andwe will denoteagainby L~,therestriction of to G03 for any
schemeS over F~.If f : T —~ Ga3 is a morphismof schemesover ~ we will

denoteby £~,(f) thepull-backof £~,(on Gas) by f.

(1.2)Let Y bea smoothandconnectedschemeof finite typeover k andlet

7r:V-~Y

a symplecticvectorbundleof rank 2 d � 2 overY: we havea symplecticpairing

(,) : V x~V —~ Gak.

The Fourier-Delignetransformation

= ,F~,:D~(V,Q1)—‘ D~(V,~)

is definedby

= Rprl,!(~l,((,))®pr2(—))

where

pr1,pr2 : V xi.. V —* V

arethecanonicalprojectionsand

pr2(—) = pr(—)[2d](d) = pr~(—)[—2d](—d)

(pr2 is smoothof relativedimension 2 d). The following result is proved in [La]
(1.2.2.1),(1.3.2.2)and(1.3.2.3):
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THEOREM 1.2.1. (i) F is an involution or D~(V, Q) (F2 ~ id).
(ii) F commuteswith duality; moreprecisely,if D is the dualityfunctoron

~ £

~ F~D.

(iii) F is t -exact andinducesan involution

F:Perv(V,Q~) —~‘Perv(V,Q
1). •

In fact, parts (ii) and (iii) of this theorem follow from the following statement
([Ka-La] (2.1.3)):

THEOREM 1.2.2. Themorphismof functom

Rpr~~CC,1~((,))®pr2(—))

inducedbythecanonicalmap

Rprl,! —~Rpr1~

isan isomorphism.

(1.3) Wecannow beginthemain constructionof this chapter.Let

be a closedsubset(for theZariski topology)andlet

bethecomplementaryopensubset.

TheFourier-DelignetransformationF givesriseto two functors

F, = F~,,= FFJ!

F~= ~ = fFRi~

from D~(X,Q5)to itself with a canonicalmorphismof functors

can= can,4~: F! — F~

betweentheminducedby thecanonicalmap

—. Rj~.
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LEMMA 1.3.1. (i) If D is theduality functoron D~(X,Q) , then we havecanonical
isomorphismsoffunctors

~
~

moreover

D(can~1,)= can~_i(D).

(ii) (F,, F~) is apair ofadjoint functois betweenD~(X, Q~)anditselfand the
adjunctionmaps

a = a~1,:F,F~—‘ id

b= b~i,:id—’ F~F!

areinducedby theadjunction maps

—~ id

id —,

and theisomorphismoffunctors

F
2 ~ id;

moreover

D(a~)= b~_
1(D)

D(b~1,)= a~,(D).

(iii) F (resp. F~) is t-exact on theright (resp. left).

Proof Thislemmafollowseasilyfrom (1.2.1),(1.2.2)andthepropertiesof (j, f~Rj~)
([B-B-DJ (1.4.2.1)). a

Taking the i~~j0of the functors F1, F~, weget functors

= ~ =

= ~ = fF”j

from Perv(X,~,) into itself with a canonicalmorphismof functors

“can = “can~1,: “F, :

betweenthem.
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COROLLARY 1.3.2. (i) W havecanonicalisomorphismsoffunctors

D~F,~!~

~

moreover

D(~can,~)= ~can~(D).

(ii) Forany .4 ~ ob Peru(X,Q~), we havethefollowingcommutativediagram

in D~(X,Q)

IA ~ F~A

~1~
~FA ~

where(lie verticalarrowsare inducedby thecanonicalmaps

~T<
0 —, id

id .‘

(iii) (~F,, ~Fj isa pairofadjoin! functorsbetweenPerv(X,Q~)anditselfwith

adjunctionmaps

= : ~~°(FF~) ~ id

~&= ~ : id — ~7.1°(F~F) —*PF~~F

(wehavecanonicalmorphismsoffunctorson D~(X,Q~)

FJ~r<o~-~yF~yo —‘

~~-F~y ~—F~~>0);

moreover

D(ja,~)=

D(°b~)=

(iv) ~F (rcsp. ~F, ) is exacton the right (rcsp. left).
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ProofLeft to thereader.

(1.4) Let A, A’ beobjectsof Perv(X,Q~). To anypairof maps

“F,A-~-+A’ -~* “F,A

in Perv(X,Qt) wecanassociateby adjunctionapairof maps

“F,A’ -~+ A -~ “F~A’

in Perv(X,Qt) andconversely,starting from (cM’,B’) , we get (a,8) backby ad-
junctionagain. Wewill denotesimply by

(A~A’)

thedataof A,A’,a and f3 and by

(A’~A)

thedataof A’,A, a’ and ~‘ and we will denoteby

(A’ ~ A) = F (A ~ A’)

thefactthat (A’ % A) is obtainedfrom (A ~ A’) by adjunction.

DEFINITION 1.4.1. We will saythat (A ~ A’) is admissibleif the two followingdia-

gramscommutesimultaneously

“FTA

“can(A) A’ and “can~A’) j A

/~
“FA

((A’-~A)=F(A~A’)).

Let

A=A~
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be thecategorywithobjectstheadmissible(A ~ A’) ‘s andwith mapsfrom (A1 ~ A’1)

to (A2 ~- A’~) thepairsof maps

(u,u’) = (A1 -~*A2, A~-~-*A~)

suchthat thefollowing diagramcommutes

“F!AI ~ A’1 ~ “F~AI

~ A~ ~

Then A is a Q1-linear categoryin a naturalway and wehaveobvious Q1-linear

functors

F=F~:A—*A,(A~A’) ~(A’~A)

V=D~:A~—A~i,(A~A’)H4(DA~DA’)

suchthat -

F
2 id

~ id

~

LEMMA 1.4.2. A is anabelian categoryand F and 2) areexactfunctors.

Proof Let (u,u’) EH0mA((Al ~-A~),(A
2 ~A~)),then

“F,Ker u

~Ker”F, u

~can + Ker u

Ker”F,u

“FAKer U
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and

“F,Coker u

- Coker”F,u

‘can + Coker u’

Coker”F u

“F~Cokeru

arekernelandcokernelof (u,u’) respectivelyand

“F,Im u

~al

I,n”F, u

‘con + Im u’

A;
Im”F,u /

~ ~ ~2

is atthe sametime the imageandthe coimageof (u,u’). This provesessentiallythat

A is abelian.Moreover, it is clearthat

YKer(u,u’) = Ker(u’,u)

F Coker(u,u’) = Coker(u’ , u)

andthat

V Ker(u, u’) = Ker(Du, Du’)

V Coker(u,u’) = Coker(Du,Du’)

so F and V areexact. •
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PROPOSITION1.4.3. The abe/ian categoryA is artinian andnoetherian. The simple

objectsof A areofoneofthe followingthreet)pes:

(1) (A —0) where A isasimpleobjectin Perv(X,Qt) suchthat “can: “FIA

“F~A is identicallyzero;

(2) (0—A’) where A’ isasimpleobjectinPerv(X,Qt) suchthat ~can: “FA’

“F~A’ is identicallyzero;

(3) (A A’) where A and A’ aresimpleobjectsinPerv(X,Q~)and where

“F, A -~ A’ ~ “F~A

is thecanonicalfactorizationof “can throughits image(a is an epimorphismand j3

isa monomoiphismin Perv(X,Q~)which isequivalentto a and /3 nonzero).

MoreoverF exchangesthetypes(1) and (2) andfixes thetype(3) and 1) fixesall
thetypes.

Proof The first assertionfollows immediatelyfrom the similarone for Perv(X, Q)
([B-B-D](4.3. 1)(i)).

Now, if (A A’) is simple, then A and A’ are either zero or simpleobjects:

for example,if A has a non ttivjal quotient A—~*Ain Perv(X,Qi) , let A’—~÷~4~
be the quotientof A’ by a(Ker”Fu) and let ~ : “FIA —~ A’ and /3 : A’
“F~A be themaps inducedby a and /3 respectively(we have /3 o a(Ker”F,u) =

“can(Ker”F,u) C “F~Keru) ; then it is easyto seethat (A A’) is admissibleand

that (u, u’) is anon trivial quotientof (A A’) in A.

Next weremark that for any (A A’) in A with A and A’ simple, a is either

zeroor anepimorphismand /3 is eitherzero or a monomorphism.
Finally, if (A A’) E ob A with A and A’ simplehas a (resp. /3) equaltozero,

then (A—0) —~ (A A’) (resp. (A A’) —÷~(A—0)) isanontrivialsubobject

(resp.quotient)of (A A’) and (A A’) cannotbesimple.Thepropositionfollows.

(1.5) The abeliancategoriesA and Perv(V,~ are relatedby a sequenceof three

adjointfunctors

(v , v~,v~)
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Moreprecisely,for anyobject B and map v in Perv(V,Q~), let

utB = (j~B~JFB)

where a and /3 are inducedby the adjunctionmaps ~J!J”—* id and id —p

respectivelyand let

V(v) = (j*(v)I*F(v))

Then it is easyto seethat v*B is admissibleandthat v*(v) is a mapin A , so we

havedefineda functor

V = : Perv(V,Qt) —‘ A.

It is obviousfrom (1.2.1)that V is an exactfunctor, that

FV VF~

and that

D~i4~Dv

wherewe denoteby F~and D~the Fourier-Delignetransformationand the duality

functoron Perv(V,Q~)respectively.

LEMMA 1.5.1. The functor

V : Perv(V,~
1)—+A

admitsa left adjoint functor

= v~,,: A —~ Perv(V,Q~)

anda right adjoin! funclor

= : A —* Perv(V,Q~).

Moreover:

(i) 1)! isright exactand zi~ is left exact;
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(ii) wehave

~ ii,F

~ z.çF

and

D~v~~ ii~ ~

~:

(iii) thereexistsa canonicalmorphismof functors

LI, : li~

suchthat thefollowingdiagramscommute

id —~ id id —~ id

I .1. and I I

4 ZI~V 11*11 ..

(the two tophorizontalarrowsare identities, thetwo bottom horizontalarrowsare in-
ducedby U! —4 u~andthe fourverticalarrowsareadjunctionmaps)and

-~ zi~)= (v, —~ u~)F

and

—‘ v~,)= (u~_I,!_‘

for thiscanonicalmap.

Proof Wewill justgive the formulasfor U, ~ and U! —~ zi~and leave the detailsto

thereader.

For any (A A’) ~ ob A with F(A A’) = (A’ A) , wehave functorial

mapsin Perv(V,Q~)

~ “J,J~F”J,A’ “)!A ~ F”j,A’

“j~AeF”j,A’ —+ F”IJ°Y”J~A ~ “J~J’F”I~A’
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and

~ F”j,A’ —~ “j~A~ F”J~A’

givenby thefollowing matrices

((F”j!f F —~ id)(”j,A)
N! =

—F”j~a —(“i!f —~ id)(F”j!A’)

((id —‘ FPj~j*F)(Pj.A)
N=I

—“jj3’ ~(id~~+PjJ*)(yPj~AF)

and

— ((“I —~“J~)(A) 0
— 0 F(”j, —+“j~)(A’)

where~)! ~ PJ~is thecanonicalmap.Moreover,it is easyto seethattheadmissibility

of (A A’) impliesthat theproductof matrices

N~AN!

is identically zero,sothat A admitsafunctorialcanonicalfactorization

~ F”j,A’ —÷‘ Coker(N!) —~ Ker(N~) ‘—‘ “j~A ~ .~Pj~A’.

Now, wecantake

A’) Coker(N!)

u~(A A’) = Ker(N~)

and

V!(A~A) -,

inducedby A.

LEMMA 1.5.2. The adjunctionmaps

11*11* —+ id

id —~ Vu

are isomorphisms.
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Proof Usingduality,we seeimmediatelythat it is enoughto provethat id —* Vii, is

anisomorphism.Let usput

VV!(A~A’)(A=-A’)

anddenoteby

(A-~+A, A’~A’)

theadjunctionmap.Wehaveto provethat u and u’ areisomorphisms.UsingFourier-
Delignetransformation,weseeimmediatelythat it is enoughto provethat u is aniso-

morphism.
But,by definition, A is thecokemelof the following map in Perv(X,Qi)

“F,”F!A~”FA’ -÷ A~”F,A’

with matrix

((“F!”F —* id)(A) a’

—“F-a —id

and it is clearthat the inclusion

A=AB0c_~A~”FA’

identifies A with thecokemelof

(“F,”F, —+ id)(A)—a’o(”F,a) :“F,”F,A —* A.

As this lastmapisidentically zeroby admissibiltyof (A ~ A’) ,thelemmafollows.

COROLLARY 1.5.3. The following conditionsareequivalent:

(i) v~: Perv(V, Q1) —~ A isan equivalenceofcategories;
(ii) forany B e ob Perv(V,Q~), B = 0 if and onlyif VB = 0;
(iii) theadjunctionmaps

ii,V —~ id

id —f

and thecanonicalmap

ii, ‘ LIX

areisomorphisms.
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Proof Left to thereader.

Now wecanstateandproveour first main result:

THEOREM 1.5.4. Letusassumethat, for each y E Y, dim Z~< d, where Z~is the

fiberat v ofthecanonicalprojection Z -~ Y. Then

LIX: Perv(V,Q1) —i-A

isan equivalenceofcategories.

Proof We will check the conditionCorollary (1.5.3) (ii). Let B E ob Perv(V,Q1)

suchthat J*B = 0 and J
tYB = 0. Then B = iXC and FB = i~C’ for perverse

sheavesC and C’ on Z. Moreover

C’ = R~
2!(l~((,))® ~C)[2d1I(cE)

wherewehavedenotedby

pr1,pr2 : Z X~ Z Z

thetwo canonicalprojectionsandby

(~):Z Xy Z .‘ A~

therestrictionto Z x~Z c—. V x~V of thesymplecticpairing.
Therefore,for any y E Y , if we denote by ~ thebasechangeby the inclusion

{y} —~ Y , wehave

C~= ~ (
1~~((~)~)® ~F~C~) [2 d] (d)

([SGA4](XVII, (5.2.6))). In particular,wehave

C~E ob pD~_~~2dim

([B-B-D](4.2.4)).
But it follows from [SGA4 ~] [Thm. finitude] (1.9) that C~is perverseon Z~,for

any y in anopendensesubsetof theimageof Supp(C’) by thecanonicalprojection
Z’ —~ Y. Sothehypothesisdim Z~<d implies Supp(C’) = ~, C’ = 0 ,FB = 0
and B = 0 andthetheoremis proved.
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In general, ii’ is notanequivalenceof categories.Let

C = C~6

be the full subcategoryof Perv(Z, ~) With

obC {C e obPerv(Z,Q1) )~Fi~C=0}

and let

= b~,X : C —~ Perv(V,Q~)

bethecompositionof the inclusionof C into Perv(Z,~1)with i~.Thenwehave:

LEMMA 1.5.5. (i) The functoris fully faithful andidentifies C with a thick (i.e., stable

byextensionsandsubquotients)abelian subcategoryofPerv(V,Q1).
(ii) Thefunctor ~ admitsa leftadjointfunctor

,f=ir;~Perv(VQ~)—~C

anda right adjointfunctor

= 4 : Perv(V,Q) —, C;

moreover~f is right exact, ~! isleft exactand thereexistsa canonicalmorphismof
functors

~

suchthatthefollowingdiagramscommute

id -~ id id —p id

I I and I
...~

(thetwo tophorizontal arrowsare identities, the two bottomhorizontalarrowsare in-
ducedby p! p~and thefour verticalarrowsare adjunctionmaps).

(iii) ThefunctorsF~and D~on Perv(V, Q~)inducefunctors

F = F,,~, : C —+ C
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and

V = V~,: C~,—, Cr,,

suchthat

F2 ~ id

~ id

and

V~F~~

moreover,F commuteswith ~, ~ ~! and thecanonicalmap ,. ~X and
exchanges~ and4, , ,u~and

1u~i~,4 and and thecanonicalmaps4 -~

and -~

(iv) The adjunctionmaps

p -~ id

id .‘

are isomorphisms.

Proof The proofis straightforward.Wewill give formulasfor p~,p
1 and p1 .

For anyperversesheaf B on V, we have functorial mapsin Perv(V,Q~)

PJJXB~ ~I)FB -+ B

and

B _~jXj*B~FPjXj*FB

givenby thefollowing matrices

MX = ((Pj,JX id)(B), (FP,,fF —‘ id)(B))

and

— ( (id —~ PJJX)(B)

- ~(id—~F”j~fF)(B)
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It is easyto checkthat

JXCk(MX) = JXK(M!) = 0

and

jXFCoker(MX) = j*FCoker(M!) = 0,

sothatwecandefinep’B and p!B bytheformulas

= Coker(MX)

and

= Ker(M!).

Moreover,themap

PXPB= Ker(M
1) ~—* B_÷~Coker(M*)= PXPB

comesfrom a map

—~

which is theonewewant.

COROLLARY 1.5.6. (i) Forany perversesheafB on V , thesequencesgivenbyadjunc-
Lion maps

ZITVB —. B—’ p~,fB —.0

0 —~ —+ B —~ v,VB

are exact.
(ii) Thefunctors

UXP* : C —‘ A

and

A —‘ C

areidenticallyzero.
(iii) ThefunctorV identifiesthecategoryA with thequotientoftheabeiancat-

egoryPerv(V,Q~)byitsthick subcategoryC (ormorepreciselyp~(C)) -
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Proof Part(i) follows immediatelyfrom our formulasfor p~~fB and pep’B andthe

factthat MXN!(V) and NX(i/)M’ are identicallyzero.
ThefactthatV*PX = 0 isobviousandbydualityp’zi~= 0 followsfrom p~zi,= 0.

Now, if (A ~ A’) E ob A and ii,(A ~ A’) = B , wehave

j*B = A

JXFB = A’

(i/LI! = id,cf. (1.5.2)),sothat

~ F”JJ”B —‘ B

is nothingelsethanthequotientmap

~)!A~F”)!A—~÷Coker(N!) = U!(A

and

A’) = Coker(M*) = 0.

Thepart (iii) follows immediatelyfrom theparts(i) and(ii).

In someparticularcases,C canbedescribedasthe categoryof perversesheaveson
a schemeof finite typeover k. Hereis anexample:

PROPOSITION1.5.7. Letusassumethat Z —+ Y is a coisotropic,rank r, vectorsub-

bundleofthesymplecticvectorbundle V -~ Y , i.e., Z~C Z where Z-1- ~L,V is the

orthogonalsubbundleto Z ~ V. Let

V
1 = Z,Z-’- _, y

bethecorrespondingquotientbundleandlet

f: Z —i-. V1

bethequotientmap. Then,foranyperversesheafB1 on V1 , theperversesheaf

JB = JXB[2d — r](d) = f!B[ — 2d](r — d)

on Z isin fact an objectofC and thefunctor

f:Perv(V1,Q1) —‘C

is an equivalenceofabclian categories.
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Proof Let g : V —‘ V/Z-’- be the quotientmap and i: V1 = Z/Z-’- c—. V/Z-’- the
mapinducedby i. Thenwehavea cartesiandiagram

Z -~ V

V1 -~ VIZ-’-

But, the symplecticstructureon V inducesa symplecticstructureon V1 and the

abovecommutativediagramis autodual.Therefore,

.FiX( ob Perv(Z, ~ C ~(ob Perv(VIZ’))

where

= g*(_)[~~ — r](d) = g!()[r — 2d](r — d)

andwehaveacanonicalisomorphismof functorsfrom Perv(V1 , Q~)to Perv(V,Q~)

Fi,f ~ iXfFl

([La] (1.2.2.4)and(1.2.2.1), ~ ~ if by basechange).
As thefunctor

f: Perv(V1,Q~)—. Perv(Z,Q~)

is fully-faithful ([B-B-D] (4.2.5)),thepropositionfollows easily from thesefacts. .

2. GLUING FOR C/U

(2.0) Thenotationsand the assumptionsof (1.0), (1.1) and (1.2) are enforced.We will

assumemoreoverthat p> 2 -

Let G be a connected,simply connected,semi-simplealgebraicgroupover k. We
will assumethat C is split over k and we will fix a maximal torus T, split over k,

andaBorel subgroup B of G containingT.
Let (X,R,XV,RV)betherootdatumassociatedto(C,T) , W thecorresponding

Weyl group, R~the systemof positiveroots in R associatedto B, 11 the set of

the simplepositive roots determinedby R~and S the correspondingset of simple
reflexionsin W. Wewill denoteby a .—~ as” the canonicalbijection of R onto
andby fl V theimageof fl by thiscanonicalbijection. If wedenoteby a3 thesimple

positiverootcorrespondingto s E 8, we have

fl = {a3 .s E S}
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and

= {aV .s E S}.

The group W is finite and (W,S) is a Coxeter system;in particular, W hasa
lengthfunction £: W —~ N ; for each w ~ W,£(w) is the number ofelementsin

R(w) = {a E R~I waE —R~}.

We will denoteby w0 the longestelementin W.
As C is simply connected,X’~= XX( T) coincideswith the rootlattice Z R~’and

fly is a basisof X”. Let (w3)3~3be the basis of X dual to = {ar I s e S}
(the fundamentalweights); foreach A c X , we have

A =

SES

For each a c R, let X0, be the root subgroupof C correspondingto a. If U is
the unipotentradical of B , wehave

H xa~:,U
aER~

wherethe map isinducedby thegrouplaw of C. More generally,if, foreachw ~ W,

weset

u,= un~u~

(ti,0 , ib arearbitraryrepresentativeof w0 , w respectivelyin NG( 2’)), wehave

II ~
~*R(w)

and

Uw X U~0=Z U.

The X~‘sandthe (J ‘s arenormalizedby T. If w = a ES. R(w) = {aX} and
U= X~.ForageneralwE W, dim ~ £(w) (U1 = {1},U~0 = U).

For each a E 5, we have a parabolicsubgroupP3 of C containingB of semi-
simplerankonecanonicallyattachedto a,

P3= (X_c3,B);
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P3 hasaLevi decomposition

P3 = - U~03

where

= (X_~,X,~,) - Ker(a)

and

(X_~,,X~,)fl Ker(a) = {±1}.

We set

M3 =

Al3, which is nothingelsethan the commutatorsubgroup (L3, L3) of L3, is a con-
nectedsimplealgebraicgroup over k of rank 1 and,from our hypotheseson C,

is simply connectedand split over k;

= T fl M3

is a split maximaltorusof M3 and

Gmk —. T~,C 2’

is an isomorphismwith inverseinducedby w3. Sucha group is non canonicallyiso-
morphicto

51,2k by an isomorphism

Al
3 Z SL2k

satisfyingtheconditions

~ ((z ~D)=

and

~//l 0\\ /71 u~\
~ ~ = x_8(u), w8 ~ i)) = x~(u)

where

G~k-ZX_~,z3 : G0k Z Xa = U3
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areisomorphismsof I-dimensionaladditive algebraicgroupsover k; z and conse-
quently p3 is uniquelydeterminedby ;.

For each seS. wefix an isomorphism

Z U3.

We set

n8.çO8 ((~~‘~ ENM(T3),

where ip3 is determinedby x3 in N~(2’) which containsobviously NM (Ti) , n3 is

a representativeof a.
We Set

Q3 = lvf3U..~3

for each a e5; Q3 is nothingelsethanthe commutatorsubgroup(P3,P3) of P3.
Formoredetails,thereadercanlook atSpringer’sbook [Spi.

(2.1) Let

X=C/U

and,foreacha E S , let

X —‘ = C/Q8

bethecanonicalprojection (U C Q3).
Wecanidentify X with the complementaryopensubsetof the zero sectionin a

C-equivariantrank2 vectorbundleover

—4

This vectorbundle is definedin thefollowing way. M3 actsby right translationon

C/UWOS (M3 normalizesU~,3) and C/U~03is an M3-torsorover G/Q3= Y3. But,
now, the isomorphism ço~: M3 —, SL2k definesa left actionof Al3 on the vector

space = { (vi) } and wecantake

M
~j —r’/rT L~2

3 I
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with thenatural C-action by left translation.The subgroupU8 of Al3 isthe stabilizer

of (~)in k
2 and themap

C~(C/U
3) xk

2, g

inducesa C-equivariantopenembedding

X c.~ V
3

which identifies X with the complementaryopensubsetof thezero Section Z8 ‘~ V8

in V3.
As theaction of Al8 on k

2 fixes the volume form dv
1 A dv2 , 1/i, hasacanonical

C-invariant symplecticstructure

(,)~:V, x~V~—~ G~k

andtherestrictionto X x~X of (,)~,is given by

(g1U,g2U)3= c

where

g~g2= mu E M3U~03=

and

(a b
d -

(2.2) Foreachw E W , we set

T= H a
tT(Gm)CT;

c~ER(w)

T is a torusand we haveanobvioussurjectivehomomorphismof tori

H a’~’: ~ —+.T~.
aER(w)
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LEMMA 2.2.1. Let ~ = {a E S I a < w} (< is theBruhat orderon W), then the
sub-torusT C T is equalto

H~cT.
8ES,,

In otherwords,wehavean isomorphism

H a~’: G~.Z T~C
8ES,,

with inverseinducedby Hw3.

Proof By inductionon £(w) . Foreachw E W andeach a E S such that £(wa) =

£(w) + 1 ,wehave

R(wa) = a(R(w)) U{a3}

andconsequently

‘7-’ _(q-,\n.,r,
W3 — ‘ W’ 8

Now, if

T~= ~
dES,,

wehave

T~~=(fl(T8~~~-T8.
3’ES,,

But

(T8,)~•- T3 = T3~- T3

as

aa~=a~—(cw~,a3)a~’

forany a’ E 5’. So the lemmais proved. •

For each w E W with shortestexpression

asa productof simplereflexions (~= £( w)) , weset

= - - -

it is knownthat n,~,dependsonly on w and not on the choiceof the shortestexpres-

sion ([Sp] (11.2.9)).
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LEMMA 2.2.2. (i)Foreach wE W and eacha ES suchthat £(ws) = ~(w) + 1 we
have

(U r&.~TU)(Un3T3U) = U n,L~,T,L,3U.

(ii) For eachshortestexpression

of wE W, wehave

Un~T~U=(Un32’3 U) ---(Ur~T8U).

Proof The part (ii) follows trivially from thepart(i). The part(i) follows from

U n~TU = UnT U

(n..~,Twnormalizes~ andfrom theinduction formulas

flu)3 = ~w ~a

= (T)’~T3

and

U3 = ( U,~) ~ U,

(R(wa) = s(R(w))U{a3}) .

DEFINITION 2.2.3. For each w E W , let

X(w) C X Xk X

be thesubvarietydefinedby

X(w) = {(gU,g’U) E X Xk X g~~
1g’E U n~T~U}

andlet

pr~: X(w) —‘
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be the projection sending (9U, g’U) to the unique t,~, E T,~, such that

g~g’E U ~

It is clear that X(w) is a connected,smooth,locally closedsubvarietyof X XkX
of dimension

dim X-i-E(w)+#S,~,

andthat pr is smooth,surjcctive,with connectedgeometricfibers.

For w = I, X(w) = X diagonallyembeddedin X XkX.
For a E 5 , wehave

X(s) = {(z,x’) E X Xy X I (‘~‘)s ~ 0}

and

pr3(z,x’) = —a~’((z,x’)8)

where

(,)8:Xx~ X —~ G~,k

is the restriction of the symplecticpairing on V8 —~ Y~(wehave

(I u~(0 1~(z 0 ~(1 v~(a b
\~O 1) \~-i 0) \~O z~) \~0 i) ~c d

with

c= —z

in SL2k ; cf. (2.1)).

LEMMA 2.2.4.For eachw E W withshortestexpression

a1.• . a1

wehavea cartesiansquare

~“1..’8 ~

P’oi ~ ~V

X(w) ~T
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where

X(s1,.-. ,a1) = X(a1) XX X(s2) XX--- x1 X(s1)

= {(g0U,-. - ,g1U) E X~’ I I,-.. ,~,

E U n~T,U},

pr31..33(g0U,-~- ,g1U) = (pr3(g~_1U,g1U)),~1

(wehave

R(w) =

where a1,- - - ,a1 arethesimplepositiverootscorrespondingto s~,- - - , s~respectively
([Sp](l0.2.2)) andwehaveidentifiedfor eachi = 1,-. -

2~=T8

with Gmk via o~’and w3) and

pr01(g0U, . . - , g1U) = (g0U, g1U).

Proof It follows from (2.2.2)thatthemap pr~iswell definedandsurjective.Moreover,

wehave

Unar(zl)U.--Ur¼ay(zt)U—UntU

for some z1,. - . , z1 E Gmk and t,~,E T if and only if

(S1.-.a2a1)~’(z1)-- -(s1a1_1)~(z1_1)a~’(z1)= t

(wehavesetn1 = n8 (i = l,...,~)). Sothelemmaisproved.

DEFINITION 2.2.5.For eachw E W , let

R( iv)a :~ —~
iv m,k ok

bethemorphismdefinedby

= — z~.
aER(w)
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Then,weset

K(w) = K~(w) = prR( H aT’),C~,(a~)[2t(w)](e(w))
c,ER(w)

in D~(X(w),Q1).

For w = 1, K( w) = ~ . Forany a E S , wehave

K(s) =

where (,)~X(a) C X x~X —p G0k is the restriction of thesymplecticpairing

on 1/3.

LEMMA 2.2.6.Let

F’T x G’~~
iv k m,k

be thegraphof H cd’. Then F , whichis obviouslya connected,smooth,closed
c~ER(w)

subvarietyofT xkGrn~ (isomorphicto ~ ), isin factalsoclosedin T,~,x ,CAk
~ isnaturallyembeddedin Ak’~°).

Proof Wehave(a
t’,w

3) � 0, Va E R~and aES;moreover,foreacha E R(w),

thereexists a E S,~ suchthat (a’~’,w3)~ 0. Sothelemmafollows from (2.2.1).

PROPOSITION2.2.7. For eachw E W, the canonical map

R( H a”),f~(a~)—‘ R( H a”)3~C~(a)
~ER(w) c~ER(w)

in D~(2’~Q1) is an isomorphism. Moreover, these two isomorphic objectsof

D~(T~,Q1) arein fact, up to a shiftof£(w) , irreducibleperversesheaveson T.

Proof ThegraphF of H aI-’ is closedin T~XkAr~°’~ (cf. (2.2.6)). Inparticular,
aER(w)

theobjectof D~(T~xkA~~),

is an irreducibleperversesheafon T~x ~
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Let

Y,Y*.Dc(TWxkAk,Ql) ~

betheDeligne-Fouriertransformationsrelativeto 2’,,, , definedby

= Rpr,(1(— ~ ~ ®prl*(_))[~(w)]
c*R(v)

and

= Rpr~(C~(— ~ ~ ®pr’~(—))[~(w)]
~ER(w)

where

pr, pr’ 2’,,, X k Ak’
1~iv) Xk ~ iv) —, T~xk Ak’1~w)

arethecanonicalprojections.It is known that thecanonicalmap

~!() ‘J(~)

is an isomorphismof functorsandthat .J~( —) inducesanequivalenceof abeliancate-
goriesbetweenthesubcategoriesof perversesheaves([La] (1.3.1.1)and (1.3.2.3)).

Now,let

m: T~Xk ~ —, T,L,

bethemultiplicationmap,

= ~ H a~(za).

c.ER(w)

Then it follows easily from the properandsmoothbasechangetheorems([SGA 4]
(XVII, (5.2.6))and (XVI, (1.1))) that we havea commutativediagramin D~(TWXk

G R( iv)

mk

m8R( JJc,~ER(w)a).C~(a) [2~( w) I .Z ~T(Qt,r [E(w)

I I
mtR(fl~,,ER(u)) aV)~C,

1,(a,,,)[2~(w)] -~ -J.,(~r[£( w)])IT~XkG~R~
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where the horizontal arrowsare isomorphismsand the vertical onesare canonical(in

termsof functions,wehave

fl~�R~
0V(y,,)~,, fl~ER~a”(z,,) \ ~ER(v)

=

\ aER(w)

fl~E*~) cx~’(z~,)=t,,

by the changeof variables z~,= y0/z01). As m is smoothwith connectedgeometric
fibers,anapplicationof [B-B-D] (4.2.5) finishestheproofof theproposition.

COROLLARY 2.2.8. For eachw E W, thecanonicalmapin D~(X (w) , Q1)

K(w) —~pr,R( II &‘)C~(cr~)E2~(w)](~(w))
c~ER(w)

is anisomorphismand

K(w)[dim X]

is anirreducibleperversesheafon X ( w).

Proof Apply [B-B-D] (4.2.5).

COROLLARY 2.2.9. For eachw E W,

DK~,,(w)=K,1,_i(w)[2 dim XJ(dim X)

whereD is the duality functor on D~(X ( w) , Q1).

PROPOSITION2.2.10.For eachw E W withshortestexpression

w=s1-~~a1

thecanonicalmapin D~(X ( w) , Q1)

Rpr011(pr~1K(a1)® - .

—, Rpr013(pr~1K(s1) ® .. . ®pr_11K(s1))

where

pr,11 : X(a1,-- . ,a1) —~ X(s~)

maps(g0U,~--,g1U)to (g1_1U,g~U)(i= l,..-,e) ,isanisomorphism.Moreover,

thesetwo isomorphicobjectsofD~(X ( w) , Q1) arein fact isomorphicto K( w).
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Proof This is an easyconsequenceof (2.2.4),theproperand the smoothbasechange

theorems([SGA 4] (XVII, (5.2.6))and (XVI, (1.1)) and (2.2.8).

(2.3)ForeachWE W,let X(w) betheclosurcofX(w) insideX XkX and let

v~:X(w) C~4 X(w)

be theinclusion. Weset

(2.3.1) K(w) = K,,~,(w) v~13K(w).

(K(w) is a perversesheafon X(w) uptoashiftof dim X). It follows from (2.2.8)
and(2.2.9):

PROPOSITION2.3.2. For each w E W, K( w) [dim X] is an irreducibleperverse

sheafon X(w) and

DK~,(w)= K~.,(w)[2 dim X](dim X)

whereD is thedualityfunctoron D~(X ( w) , Q1).

For w = 1, X(w) = X diagonallyembeddedin X Xk X and K(w) =

Forany 8ES,wehave

X(s) = X x~X

and

K(s) =

where

X x~X —~ Gak

istherestrictionofthesymplecticpairingonV8 (cf. (2.1)).ForageneralwE W with

shortestexpression

w= - s1,

wehave a partial compactification

li3~•~~33 : X(s1 , --- ,~t) ‘—~ X(s1 , - - - ,

where

,s1) = X(s1) x~X(a2) x~ x~X(s1)

andanaturalextension

X~ - - , ~i) —~ X ( w).

It is not difficult to check that:
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LEMMA 2.3.3. (i) X(a1,-- - , s~) is a connectedsmooth,quasi-projectivevarietyof

dimensiondim X + U overk and

X(a1,--.,s1)—X(s1,.--,s1)

is a divisor with normal crossings which is in fact the union of £ irreducible smooth
divisors

X(a1) x~--- x1 X(s1_1) x1 (X(s~)—

— X(a1)) x~X(s1~1) x~--- x~X(a1) (i = 1...

(ii) Thecommutativesquare

X(s1,---,s1) —~ X(s1,---,a1)

1’?.OLI jPro2

X(w) —~ X(w)

isin factcartesian.

THEOREM 2.3.4. For eachw E W with shortestexpression

thecanonicalmap

R~F011(~F~1K(s1) 0-~ .

—~ RPFob(~~lK(s1) 0~~-

isan isomorphismin D~(X (w) , Q1) , where

- ,s1) —~ X(a1)

isdefinedby

= (g~1U,g~U)

for i = 1,.. . , £; moreoverthesetwo canonicallyisomorphicobjectsof D~(X(w),
Q1) arein fact isomorphicto K( w).

The proofof Theorem2.3.4will begivenin (2.4) and(2.5).
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(2.4) Let

13= C/B

be thevarietyof Borel subgroupsof C; it is a connected,smoothand projectivevariety
over k. C acts by left translationon 13 and consequentlyon 13 x k 13 andthe orbitsof

this actionon 13 x k 13 are parametrizedby W: for eachw E W,

0(w) = {(gB,g’B) E 13 Xk 13~g~g’E BnB}

is an orbit. Foreachw E W, 0( w) is a connected,smooth,locally closedsubvariety

of 13 x k 13 of dimension

dim 0(w) = dim 13+ £(w)

andits closure

0(w) C 13 Xk ~3

is thedisjointunion of the orbits 0( w’) for U)’ <w in W.
In general 0(w) is singularbut foreachshortestexpression

W=S
1...sI

wehaveacanonical resolutionof singularities

Pr01: 0(sI,-.,st) —‘0(w)

where

~ ~ = 0(s~)x~0(a2)x~x X~O(st)

and

pr01(g0B, - ,g1B) = (g0B,g1B)

(cf. [Dem] 3).

Now, wehaveanobviouscommutativediagram

X(s1,---‘st) —+ 0(S1,-~-,s1)

I~o8
X(w) —‘ 0(w)
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wherethehorizontalarrows are givenby

(g
0U,--.,g1U) —~(g0B,---,g1B)

and

(gU,g’U) p—’ (gB,g’B).

In particular,wehavea factorizationof ~f01: X( ~ - , s~)—+ X( w) throughout

thefiberproduct

X(s1,---,s1)~~X(w)x~0(s1,-..,s1)~X(w).

On X(s11- .,s~) wehaveanactionof~ = G~,k

(R(w) = {s1..s2a11-..,s1c~_1,a1}givenby

((g0U, --, g1U) ,(z1, . . - ,z1)) ~ (g0t0U, - . ., g1t1U)

where

t~= (a~- - - a2a1)~’(z1)..

for i= 0,...,~(t0= 1): bydcfinitionofthe t1 ‘s,wehave

s~(t1_1Y’t~ET~(i= l,...,~),

but this is equivalentto

t~1t~ET1(i=l,...,E)

as

s(t)~t E T3

for any a E S and any t E T. Similarly, we haveanactionof T,, on X(w) given by

((gU,g’U),t) ~ (gU,g’t,,,U).

Themorphism

X(s1,.. ‘,~I) —-4 X(w)

is equivariantfor theseactionsvia thesurjectivehomomorphism

fl as~’:~ -~ T((z1,...,z1) ‘—‘ t1).
~ER(iv)
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LEMMA2.4.1. (i) Themorphism

X(s1,-.-,s1)—~ X(w) x~~~-0(a1,...,s1)

is a pth7c1~alhomogeneousspaceunderthe diagonalizablegroup

Ker( H aV: ~ -~ T,~,).
C1ER(w)

(ii) The morphism

X(w) x~0(s1,---,s1) — X(w)

isprojective.

Proof We have

(g0U,---,g1U) EX(s1,---,s1)

if and only if

g~21g$EUn1T%Uor UT~U

for i = 1, - - - , £. Two points (g0 U, . . . , g1U) and (g~U, - . . , g~U)of X (.s~,--
havethesameimagein

X(w) x~yO(s1,--.,s1)

if and only if

g~E g1t~U

for some t~E T (i = 0,... , £) with t0 = t1 = I and these t~‘s are uniquely
determined;moreover,wehavenecessarily,foreach i = I ,...

—either g,~~_
1

1g1,g~_jg~E Un~T~Uand

(~ \14 ~78~’-~i—1~~i ~

—either ~ E U T~U and

E 2’,.

As the two conditions

, \1 ‘7

8

1kt2_1) t, E .Lj

and

t~1t,E I~

areequivalentfor each i = I, ... , £, this completestheproofof thepart(i).
Thepart(ii) is animmediateconsequenceoftheprojectivityof ~F~: 0( ~ . , s1)

—~0(w).
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Remark(2.4.2). It isnot difficult to checkby inductionon £(w) thatthediagonalizable
group

Ker( H aV:G~ ~T
\~ERiv

is in factconnected,i.e.,a torus,underourhypotheseson C.

The first assertionof (2.3.4) is an immediateconsequenceof thepart (ii) of (2.4.1)

and of thefollowing proposition:

PROPOSITION2.4.3. For each w E W with shortestexpressionw = ~I - -~ s1, the

canonicalmap

R~Fol!(~~IK(s1) ® - - -

—‘ R~F018(~I~1K(s1)0..-

is an isomoiphism in D~(X (w) x~~-0(51, , .s~), Q1)

Proof Theargumentis similarto theoneusedfor (2.2.7)andwewill takesomenotations
and someconsequencesof the proofof (2.2.7). Wehavethegraph

F CTxkG,~ CTWXkA~

of II aV and we know that
~ER(w)

Qe,rE~~L’)]

is anirreducibleperversesheafon T Xk ~
We have the two Fourier-Deligne transformations relative to T,,,

D~(T Xk Ar~”~,QI)—‘ DC&(TWXk

andwe know that thecanonicalmap

is anisomorphismof irreducibleperversesheaves.
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Now, wehavethe following commutativediagramwith Cartesiansquare

~F xid ________

AxkG,~”~ ~ X(z,,---,3L)xkG,~’~ -~-* X(z
1,---,s3)

id x(flR~c~~’)J. 0 id x(fl*)c8~’)I
A~~>x,T~ — ~ - X(s,,---,st)x,T,, —,

b

where

X(s1,.-.,31) —~ A,~=~

is equalto

pr8 X~pr82 X~ --- X~pr3~,

with

X(s) = X x~X ~

and

X(s1,---,s1)XkGrnk -~-~X(a11.--,s1)

is thenaturalactiondescribedaboveand

X(sI,---,sj)xkT~X(w) x~0(s1,---,s1)

maps ((g0U,- - -,g1U),t~) to

(g0U,g1B,---,g11B,g1tU)

(cf. (2.4.1)(i)).
Then it follows easily from the proper and smooth base change theorems

(ESGA 4] (XVII, (5.2.6)) and (XVI, (1.1)) that we have a commutativediagramin

D~(X(a1,--.,a1)xkT~,QL)

---0 ~F~,,~K(s1)) ~ ~ x idY.T!(Q~ri~(w)I)(e(w))

I ______ Il
~ (~•,, x

where the two horizontal arrows are isomorphismsand the two vertical onesare canon-
ical.
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As ~ ~ x Id and b aresmoothwith connectedgeometricfibers,theproposition

follows from [B-B-D] (4.2) and we get moreoverthat the two isomorphicobjectsof
D~(X(w)x~~-X(s1,.-. , s1),Q1) of theStatementare in fact, up to a shift of dim
X , irreducibleperversesheaves.

(2.5) Wewill now provethesecondassertionof (2.3.4)by inductionon £(w).
Let wE W and SE S suchthat

£(ws) = £(w) + 1.

We will assumethat (2.3.4) is provedfor w. Then, it follows from (2.4.3) that the

canonicalmap

Rp13,(p~2K(w)®p~3K(a))

Rp13~(p~2K(w)®p~3K(a),

where

P12,P23,PI3 : X Xk X Xk X —~ X Xk X

are the canonicalprojections,is an isomorphismin D~(XXk X,Q1). Thesetwo
isomorphicobjectsof D~(X x k X, ~) are clearly supportedby X (us) andit fol-
lows from (2.2.10) and (2.3.3)(ii) that theyboth coincide with K(wa) on X(ws) C

X ( ws) . So, to finish the proof of (2.3.4) we are reduced to prove that these two isomor-
phic objectsof D~(XXk X,Q1) , shifted by dim X , are in fact irreducible perverse

sheaves on X Xk X.
Let

D~(XXk V8) -~ D~(XXk V8)

thetwo Fourier-Delignetransformationsrelativeto X x Y~definedby

= R q13!(q23L~((, )~)® q~(—))[
2](1)

and

= R qi
3~(q23~,,~((1)8) 0 q~2(—))[

2I(1)

where

q
12,q13 :X Xk V8 x~V3 —~ X Xk ~

q23 :X Xk~XY~-4~XYVs
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arethecanonicalprojections.It isknownthat thecanonicalmap

is an isomorphismof functors,that thesetwo isomorphicfunctorsare exact in the per--
versesenseandthat they induceanequivalenceof abeliancategoriesbetweenthe sub-
categoriesof perversesheaves([La] (1.3.1.1)and (1.3.2.3)).

Wehaveclearlya commutativediagramin D~(x xk x,Q~)

Rp13(p~2K(w)®p3K(.s)) (id x 38)F8! (Id x I,,)K(w)

_____ _____ I _____

Rp134(p~2K(w)®p~3K(s))~ (id x ~,,)
3F

3,R(id x j,),K(w)

with j~: X c— V,, the inclusion(cf. (2.1)),wherethetwo horizontalarrowsareisomor-

phisms and the two verticalonesarecanonical.Sothesecondassertionof Theorem2.3.4
is a consequence of the following lemma:

LEMMA 2.5.1. Let ir : V —* Y be asin (1.2), let Z ‘—~~V be the zero section of this

vector bundle andlet X = V — Z V. Let A be an irreducible perversesheafon x
such that the canonical map

— .j~FRJ,,A

is an isomorphism in D~(X, Q1) , where F is theFourier-Dclignetransformationon

V relative to Y (cf (1.2)). Then 3 A and RJ,A are both isomorphicto .j,,A (and
in particular are irreducible perverse sheaves on V); J~FJ, A and fFRJ,,A are iso-
morphic irreducible perverse sheaveson X.

Proof It is enoughto provethat

~7(j,A) and ~i1.”(Rj8A) (nEZ,n~/0)

and

Ker(~fl°(j,A)—‘

Coker(1’li°(jA) —~

are all zero. But these perverse sheaves are clearly supported by Z astheir imagesby

F (F is exact in the perverse sense; ~7-C’(j,A) = 0 if n> 0 and ~7-j”(Rj~A) = 0
if n < 0 ([B-B-D] (4.2.4))) and the lemma follows. .
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Remark(2.5.2).Wehave alsoprovedthat for eachw E W and each a E S suchthat

£(ws) =t(w) + I.

thecanonicalmaps

(Id x ;8)K(w) —‘ (Id x j8),~K(w) —‘ R(id x 58),K(w)

areisomorphismsin DC~(XXk V31Q1).

(2.6) Foreachw E W , wehave two functors

F,,,,! = F,~,! = R~F!(K~,(w)®~‘~(—1))

F,,,,, = F,~,,, = R~F,,(K,,!,(w)Ø~~(—1))

from D~(X,Q1)to itself with a canonicalmorphismof functors

can,,,= can.~: F,,, -~ F,,,,,,

betweenthem,where

pr,pr’: X(w) —~ X

areinducedby the two canonicalprojectionsof X x k X.

PROPOSmON2.6.1. For eachw1 , w2 E W, we havecanonicalmoiphismsoffunctors

C,2,! = ~ : ~w,,!~’w2,! —4

and

~Wl ,W2,~ = c, ,~2 ,~,,,, : F1~2,.— F.,,, ,,F2,.

suchthat:
(i) breach w1, w2 , w3 E W, wehave

~ 0FW1!(cW2W3!) = ~ ocW,W2!(FW3!)

and

F~,,.(c2,3,.)~ = c~1,2,,(F~3,,,)~

(ii) if

£(w1w2)= £(w~)+

then c,,,,,w2,! and c,,,,,~, areisomorphisms.
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Proof It follows from (2.3.4)and theproperandsmoothbasechangetheorems([SGA 4]

(XVII, (5.2.6))and (XVI, (1.1)) that,for each w E W with shortestexpression

Wiv ~1~~ .

wehave canonical isomorphisms

F81,! -~

and

F~F ...F.W,* ~ ~

Consequently,we areessentiallyreducedto constructC88! and c38,, for each a E

S.
But,wehavecanonicalmapsin D~(Xx~X,Q1)

R pr131(pr~2K(s)0 pr3K(s)) —*

and

—~ R pr13,,(pr~2K(s) ® pr~K(s))

where

pr12,pr23,pr13: X x~,X x~,X —~ X x~, X

arethecanonicalprojectionsand

A : X ‘—. X x~X

is the diagonal:

£~,((x1,x2)3+(x2,13)8)I{X,X3}

is canonicallyisomorphicto Q1. Sowehave canonicalmorphismsof functors

F8,!F8,! _‘ id

and

id —‘ F,,,,F3,,.
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LEMMA 2.6.2. (i) If D isthe dualityfunctoron D~(X,Q1) , then,for eachw E W,

wehavecanonicalisomorphisms offunctors

D F,.4f,! ~ Fri,, D

D ~ ~ F,~i,1D;

moreover

D(Can,i,) can,,i,,(D)

and,foreach w1,w2 E W

~ = ~

~ =

(ii) Foreachw E W, (F,,,!,F~i,,)isapairofadjointfunctorsbetweenD~(X,~)
anditself,moreover,if we denoteby

a,,, = ~ : F,!F1, —~ id

b~i= ~ : id —,

theadjunctionmaps,we have

~ = bW,!I,_I(D)

D( ~ = ~ (D).

For eachw1, w2 E W , themaps c,,, ,~2,! and c,,,~i~ are exchanged by adjunc-

lion. For each to E W, we havealso

Cw,w_1,! = a,,, o F~,1(can~,)

and

c,,,,,,-,,, F~,~(ca%_,)o b~.

(iii) For each to E W,F,,,1 (resp. F,,,,,) is ~-exacton thenght(resp. ontheleft).
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Proof When w = s E 5, the lemmais a particularcaseof (1.3.1). The generalcase

follows from (2.6.1).

Taking the ~7-C°of thefunctors F,,,!, F,,,,, and of themorphismof functors can,,,,,

c,,2,,,, Cw12! ,we get functors

= ~ : Perv(X,Q1) —‘ Perv(X,Q1)

= ~ : Perv(X,Q1) —‘ Perv(X,Q1)

andcanonicalmorphismsof functors ~can, ~ ~ -

Statementssimilar to proposition(2.6.1)and lemma(2.6.2)holds.
We will considernow families

(A, ~w’,w)w,w’~W

where,for eachw E W, A is anobjectof Perv(X, Q1) and, for each w, w’ E W,

~FW,IAW -~ A,,,~,,,

is amap in Perv(X,Q1) suchthat thefollowing cocycleconditionis satisfied:

(2.6.3). Foreach~ E W with

~(w~w~) = ~(w~) +

the following diagram in Perv(X,Q1)

PF,,~F,,,IA -‘ ~ -~-~ ~

~

,,/~,! w~w

is commutative.

Foreach w,w’ e W,we haveby adjunctionamap

A,,,,,, -~ ~FW,.AW

in Perv(X,Q1) (~3,,,,,,isadjointto a~,,_,,,,,),i.e.,

~ ....71~ ( \ ~~(A
— w’,~‘- ~ ,v,t,, ~ ,,~

themaps f3,,,, satisfy alsoa cocycleconditionsimilarto (2.6.3).
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DEFINITION 2.6.4. Wewill saythat a family (A,,,,aW,W)WW~EWsatisfying (2.6.3)is

admissibleif, foreach to, to’ E W, thefollowingdiagram in Perv(X,Q1)

~F,,,,,A,,,

\
~‘can~,(A) A,,/,,,

/ fl~

is commutative.

Remark(2.6.5). It follows from (2.6.2) (ii) that for an admissible(A,,,,~
thecondition(2.6.3)is satisfiedfor any w~,w~E W.

As in (1.4), we candefineacategory

A=A~

with objects the admissible families (A,,,, ~ and with maps from

(A1,w’ a1 ,t,/,w)w,w’EW to (A2,,,,,a~,i~,w)w,w’~Wthefamiliesof maps

(u~)fW (A1,,,~ ~

in Perv(X,Q1) suchthat

— p1~, I

~a~,,,,,,,— a2,,,, a
for each to, to’ E W.

Then A is a Q1-linear categoryin a naturalway andwe haveobvious Q1-linear

functors

F,,,, = F,,,,,.,~,: A -~ A : (A,,,,a,,,,~)i—~~ c~,,,,,,,,,,)

2) = : A,,~,—~ A~1,~ ‘—‘ (DAW,D,8U,,W)

suchthat

for each wi’, w~’E W (wehave a rightaction of W on A) and

~ id

~
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LEMMA 2.6.6. A isanabeliancategoryandF,,,, (w” E W) and 1) areexactfunctors.

Proof Theproof is similar to the oneof (1.4.2)and thedetailsareleft to thereader.

Remark(2.6.7). For G = SL2k and (ir : V —~ Y) = (A~ — Spec(k)) the

constructionsof (2.6) and (1.4) coincide.
On the variety X = C/U wehavean algebraicactionof G by left translationand

an algebraicactionof T by right translationand thesetwo actionscommute.These
two algebraicactionson X induceby functoriality actions of C(k) and T(k) on

Perv(X,Q1) : foreachg E C(k) and for eacht E T(k) wehaveexactfunctors

L9 :Perv(X,Q1) —~ Perv(X,Q1)

R~:Perv(X,Q1) —~ Perv(X,Q1)

suchthat

Lg,92 Lg,Lg2 (Vg1,g2 E C(k))

~ (Vt11t2 E T(k))

R~L9 L9R~ (Vg E G(k),t E T(k))

(Lg=(x~4g~z) and R~=(xi—~xt’y).

LEMMA 2.6.8. (i) For eachg E G( k) , wehave canonical isomorphisms of fun ctors

Lg~FW!

Lg~Fw,,,

(VwEW) and

L9D DLg,

(ii) For eacht E T(k) , wehavecanonicalisomorphismsoffunctors

R1~F! ~

R1~F,,,

(VwEW) and

R~D~DR~.
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Proof Thepart (i) follows immediatelyof the G-equivarianceof all the constructions

in this chapter(in particular, (1)8 on X x1, X is G-equivariant, cf. (2.1)).

To checkthepart(ii) of thelemma,it is clearlyenoughto checkthat for eacha E S

RI~F8,! ~F8,!R8_1(t).

But, s~= a and

—1 , —1

(xt ,z s(t) )~= (z,z )~
for any (x,x’) E X x~X (~8(xt~)= 7r3(z’s(t)’)forany t E T ~ ~8(’)

s(t)/t E T8), so the lemmafollows.

Now, wecanextend L9 and R2 to A in the following way: for each g E G( k)

andeach t E T(k) , we haveexactfunctors

= £~ : A —~ A :(A~,a,) ~ (L9A~,L9a=,,~)

= 7~-~: A -~ A :(A~,a,~)~

suchthat

£9192 £91C92(Vg1,g2 E G(k))

~ c~)~.~2’R.~,(Vt11t2 E T(k))

7~L~~ £9R.~(VgE G(k),t E T(k))

and

c~

~ ~ 2)~

and

£9F~,,~

7~F,,,,, F,,,,1?.,,1(1)

(Vu” E W).
In otherwords,wehavea left actionof C(k) on A anda right action of the semi-

directproduct T(k) x W (for the naturalaction of W on T) on A and thesetwo

actions commute.
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PROPOSiTION 2.6.9. The abelian category A is artinian and noetherian. If

(A, a,,,,~ EW isa simpleobjectof A, theneachA,,, iseithersimple,eitherzero.

Proof The first assertion follows immediately from the similar assertion for

Perv(X,Q1) ([B-B-D] (4.3.1) (i)).
If (A,,,,~ is asimpleobjectof A and if A1 has anon trivial quotient

A1-~A1,

then wedefineforeach to E W

AW~AW

asthecokemelof

a,i oT)F,(i) : ~‘F,1(Ker u1) —+ A,,,

where i: Ker u1 ‘—+ A1 isthe inclusion; for each to, to’ E W , thediagram

~F,!~F!(Ker u1) C,J~ ~F,,,W!(Ker u1)

a,,~o’F,,1(0)1 &,,,,,,~

~F,L/!AW —~ A,,,,,,

is commutatiVe (cf. (2.6.5)),so a,~,,,inducesa map

—‘ A,,,.

It is noweasyto checkthat ~ is admissibleand that

(“~)~�~— —(A,,,,~ -~ (A,,,,aW,W)WW,Ew

is a non trivial quotientin A. •

(2.7) For eachs ~ S, we can identify the abeliancategory Perv(V~,Q1) with the
categoryof admissible

(A A’)

where A,A’ ~ ob Perv(X,Q1) and

a :~F3!A—~ A’

/3 :A’ —~
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aremapsin Perv(X, Q1) (cf. (1.5.4));moreover,the datumof a (resp. /3) is equiv-

alentby adjunctionto the datumof amap

/3’: A —~F8,,A’(rcsp.a’: ~F8!A’ —+ A).

Foreach a ~ 5, wehaveanexact functor

= : A —÷ Perv(V8,Q1)

definedby

~ A8)

where ~ : A3 —~ ~F8,,A1is deducedby adjunctionof a88 ; it is obviousthat

~

and that

wherewedenoteby F~ and D~ theFourier-Delignetransformationand the duality
functoron Perv(V,,,Q~), respectively.

LEMMA 2.7.1. For eacha E S. thefunctor

A —, Perv(V8,Q1)

admitsa left adjointfunctor

Perv(V31Q1) ~A

anda right adjointfunctor

= ~ : Perv(V3,Qt) —IA.

Moreover

(i) ~8,! is right exact and ~‘8,, isleft exact;
(ii) wehave

~

~
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and

~

(iii) thereexistsa canonicalmorphismoffunctors

A3! —~ A3,,

such that the following diagrams commute

id —~ id id —~ Id

I and I

(thetwo tophorizontalarrowsare identities, the two bottom horizontalarrows are in-
ducedby A,,! —* A,,, andthefour verticalarrowsareadjunctionmaps)and

—~ A,,,) = (A,~—~

and

—÷ A,~,,)= (A81,(,_l! —4

(iv) theadjunctionsmaps

—~ id

id —~

are isomorphisms.

Proof The proof is similar to the proofsof (1.5.1) and (1.5.2); we will give only the
formula for A, , A,,, and A, —~ A,,, and leavethedetails to the reader.

Forany (A ~ A) E ob Perv(V,,Q1),wehavefunctorialmapsin Perv(V,Q1)

~FW$!~F,,IA ~ ~FWJ~’F,!A’ —,

2FW!A ~

2FW,,A ~ ~ -~ ~FWS~~F,,,A~ ~FW?F.,,,A’

and

~FW,!A ~ ‘~F,,!A’ —‘ ~FW,,A~ 2FWS.A’



GLUING OF PERVERSEShEAVES ANI) DISCRETESERIESREPRESENTATIONS 115

givenby thefollowing niatrices

N — (c,,,(A) pFa’
— ~ ~ cW,!(A)

N — (c,,,,(A) 2F,j3’
* — ~ —~F,,,,,/3 —c~,,,(A’)

and

A — (can~(A) 0

— \, U can~,(A’)

It is easyto seethat the admissibilityof(A A’) impliesthat theproductof matrices

N,,AN!

is identically zero,sothat A admitsafunctorial canonicalfactorization

~F! A ~ ~ A’—+* Coker(N!) —‘ Ker(N,,) ‘—i ~FW.A~ ~FWS,.A’.

We set

AW! Coker(N!)

A,,,, = Ker(N,,)

and

= (Coker(N) —‘ Ker(N));

wehaveobviousmaps

—p A,,,,,,

—* A,,,,,,,

inducedby Cww!, Cww$! and C~,, c=,,,,. . Then

A’) = (AW!,

A’) = (A., ~

and

(A
8, — A,,,)(A A’) = (UW)WEW
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3. CONJECTURES

(3.0) We will use thenotationsand the assumptionsof thepreviouschapters.
Let S be a schemeof finite type over k. For A1,A2 E oh Perv(S,Q~), we have

two kinds of higherextensiongroups:
— theYonedaones

EXt’p~~j,(~~)(AlIA2) (I E Z)

(by definition, theyarezero for i <U),

— thecohomologygroupsof thefollowing objectof D~(Q~)

RF(S,RHom5(A11A2)).

It is a nontrivial resultof Beilinson ([Be]) that thesetwo kinds of higherextension
groupscoincide. In particular, the Yoneda higherextensiongroupsare in fact finite

dimensionalQ1-vector spaces and areall zeroexceptperhapsa finite numberof them.
If L) is theduality functoron Perv(5, Q~), it follows from theresultof Beilinson

andthe duality theorem([SGA- 4] (XVIII, (3.1)) and [SGA 4 ~] [Th. Finitude] (4.3))
that

(3.0.1) EXtPerv(S~,)(A1,DA2) = (H~(S, A~®A2)) * (i E Z)

Now, we assumethat k is the algebraicclosureof a finite field F~and that S is

definedover F9 wedenote by Frob9 thegeometricFrobeniusof S relative to F9
andby 5~~’T0bq or 5(F9) the finite setof F9-rational points of S.

We canconsiderthe abeliancategory

PervFq(5, Q~)

of pairs

(A,~)

where A E ob Perv(S,Qt) and

~‘: FrobA .:, A

is an isomorphismin Perv(S,Q1) - Foreach (A, cc) E oh PervFq(SIQI) wehave
a correspondingfunction

t(A,p) : S’~°~’c-~
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definedby

t(A,~,)($) tr(~, : A, — A,).

If (A1,cci) and (A2,cc2) are objectsof PervFq(SIQ�) coi and cc2 induce an

automorphismcc~of the Yonedahigherextensiongroup

EXt’perv(S~)(AIIDA2) (I E Z)

and it follows from (3.0.1) and the Grothendiecktraceformula([SGA 5] (XV, §3) or

[SGA 4 4 J[Rapport](3.2))that

~2(—l)’tr(cc~,Ext~l,CT,,(s~.,)(Al, DA2))
jEZ

(3.0.2)
= >

In fact, thefomula(3.0.2)definesa symmetricZ -bilinear map

(3.0.3) K°(PervF(S,~~))x K°(PervF(S,~t)) —~

where K°(PervF(S,Ql)) is the (Jrothendieckgroup of the abelian category

PervFq(SIQI)

The group K°(PervF (5,Q1)) is huge,evenfor S= Spec(k) : wehave

K°(PervF(Spec(k),Ql))= Z[Q’].

But thepairing(3.0.2) is highly degenerateandwehave:

LEMMA 3.0.4. ThequotientofK°( PervF(5,Q~))bythekernelofthepairing (3.0.3)

isisomorphic(as Z -module)to thefinite dimensionalQ1-vectorspaceC( S(F9),~)
offunctionson S(F9) with valuesin Q1.

Proof Wehavea Z -linear mapfrom K°(Pervp (5,Q~))to C( S(F9),Q~)induced
by (A, cc) ‘—‘ t(A,~). To provethe lemma,it is clearly enoughto show that this map

is surjective. But, the deltafunctions ~8 (a ~ S(F9)) generateC( S(F9),Q~)as a

Q-vectorspaceand,foreach A , wehave

A . 6, = t(A,~,)
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where A = and cc is the multiplicationby A. Sothelemmais proved.

More generally,if a : S -~ 5 is an automorphismof finite orderwhich is defined

over F9 , wecanreplaceFrob9 by Frob9 o a in thepreviousdiscussion( Frob9 o a
is in factthegeometricFrobeniusfor anew F9-structureon 5).

(3.1) Let A betheabeliancategoryattachedto X = C/U as in (2.6). In fact, A =

dependson thechoiceof an additive character~i : F~~ Q~and wehavea duality
functor

1) : As,, — A~.

If A1 E oh A~1and A2 E oh A~,, the Yonedahigherextensiongroups

EXt~4,(A1 ,VA2)

arewell definedand weconjecture:

CONJECTURE3.1.1. ForeachA1 E oh A~ and eachA2 E oh A,~, the Yoneda higher

extension groups

Ezt~,,(A1,VA2) (iEZ)

arefinite dimensionalQ~-vector spaces and are allzeroexceptperhapsa finitenumber
ofthem.

Now we assumeagainthat k is thealgebraicclosureof a finite field F9 and that

C,B are definedover F9 and T is split over F9 ; wedenoteby Frob9 thegeometric
Frobeniusof X = C/U relativeto F9 Frob9 actson A by Frob.

We fix some w E W and we considerthe abeliancategory

AF,,W=

of pairs

(A,cc)

where A E oh A and

cc : F~FrobA—p A
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is anisomorphism.If (A1,cci) E ob ~ and (A2,cc2) E ob AFW,,~,,cci and

cc2 induceanautomorphismcc’ of the Yonedahigherextensiongroup

Ext~41(A1,VA2)

and,if weassumetheconjecture(3.1.1),wecandefinea Z-bilinearmap

(3.0.3) K°(AFq,w,!b_1) x K°(AF,,,~)—‘

where K°(AF,,) istheGrothendieckgroupof theabeliancategoryAF, , by sending
((A1,cc1),(A2,cc2))to

~i2(_l)’tr(cc’, Ext~,(A1,VA2)).
jEZ

Thispairingis symmetricup to thereplacementof ~ by ~iH

CONJECTURE3.1.3. Thequotientof K°(AF~,~)by thekernelof thepairing (3.1.2)

is a finite dimensionalQ~- vector space.

Let us denoteby EF,~,thequotientof K°(AFw~,)by thekernelof thepairing
(3.1.2). It is easyto seethat thegroup C(F9) and the twistedfinite torus

T(F9,w) = {t E T(k)lFrob9(t) = ‘w(t)}

actonEF,,W,~,(C(k) and T(k) x W actonA~,by ~ ‘R~~and F,,, andwehave

£~Frob = Frobq’~Frob(g)

1?.~Frob = Frobq’R.pr,,b(t)

and

Y~Frob9’ Frob~’F~);

thesetwo actionscommute.Assumingtheconjectures(3.1.1)and(3.1.3)anddecompos-
ing therepresentationEF,~of theproductC(F9) x T(F9, to) weexpectto getanew

constructionof thediscreteseriesrepresentationofthe finite reductivegroup C(F9)

Remarks(3.2.1). Theconjecture(3.1.1)and thecase w = 1 of the conjecture (3.1.3)
look mucheasierthanthegeneralcaseof theconjecture(3.1.3). Theproblemis to con-
struct by gluing a derived category, equivalent to D”(A), and an object of

D~(Spec(k) , Q~)suchthat theYonedahigherextensiongroupsare the cohomology
groupsof this complex.

(3.2.2). We let the readerformulateconjecturesanalogousto (3.1.1)and (3.1.3)for the
categoryA constructedin (1.4).
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